In this paper, we will present some existence and Ulam-Hyers stability results for fixed point and coincidence point problems with multivalued operators using the weakly Picard operator technique in spaces endowed with vector metrics.
Introduction
Let (X, d) be a metric space and P(X) be the set of all subsets of X. Consider the following families of subsets of X: P(X) := {Y ∈ P(X)| Y ∅}, P b (X) := {Y ∈ P(X)| Y is bounded}, P cl (X) := {Y ∈ P(X)| Y is closed}, P cp (X) := {Y ∈ P(X)| Y is compact}.
If (X, d) is a metric space, then the gap functional generated by d is defined as
while the functional δ d generated by d is given by
In particular, if x 0 ∈ X, we put Let (X, d) be a metric space. If F : X → P(X) is a multivalued operator, then x ∈ X is called fixed point for F if and only if x ∈ F(x). The set Fix(F) := {x ∈ X| x ∈ F(x)} is called the fixed point set of F.
Let Y be a nonempty set and T, S : X → P(Y) be two multivalued operators. An element x * ∈ X is a coincidence point for T and S if T(x * ) ∩ S(x * ) ∅. We denote by C(T, S) the set of all coincidence points for T and S.
For a multivalued operator F : X → P(Y) we will denote by Graph(F) := {(x, y) ∈ X × Y : y ∈ F(x)} the graph of F and by F −1 : Y → P(X), F −1 (y) := {x ∈ X : y ∈ F(x)} the inverse operator of F. We say that f : X → Y is a selection for F : X → P(Y) if f (x) ∈ F(x), for each x ∈ X. Also, F : X → P(Y) is said to be onto if and only if for each y ∈ Y there exists x ∈ X such that y ∈ F(x). For the following notions see I.A. Rus [16] , I.A. Rus, A. Petruşel, A. Sîntȃmȃrian [22] and A. Petruşel [14] . Definition 1.1. Let (X, d) be a metric space, and F : X → P cl (X) be a multivalued operator. By definition, F is a multivalued weakly Picard (briefly MWP) operator if for each x ∈ X and each y ∈ F(x) there exists a sequence (x n ) n∈N such that: (i) x 0 = x, x 1 = y; (ii) x n+1 ∈ F(x n ), for each n ∈ N; (iii) the sequence (x n ) n∈N is convergent and its limit is a fixed point of F.
Remark 1.2. A sequence (x n ) n∈N satisfying the condition (i) and (ii), in the Definition 1.1 is called a sequence of successive approximations of F starting from (x, y) ∈ Graph(F).
If F : X → P(X) is a MWP operator, then we define F ∞ : Graph(F) → P(FixF) by the formula F ∞ (x, y) := { z ∈ Fix(F) | there exists a sequence of successive approximations of F starting from (x, y) that converges to z }. Definition 1.3. Let (X, d) be a metric space and F : X → P(X) be a MWP operator. Then, F is called a ψ-multivalued weakly Picard operator (briefly ψ-MWP operator) if and only ψ : R + → R + is increasing, continuous in 0 with ψ(0) = 0 and there exists a selection f
If, in particular, ψ has a linear representation (i.e., there exists c > 0 such that ψ(t) = ct for all t ∈ R + ), then F is called a c-MWP operator.
By Covitz-Nadler fixed point principle (see [6, 11] ) we get the following example.
Remark 1.4.
(see [14, 22] ) Let (X, d) be a complete metric space and F : X → P cl (X) be a multivalued k-contraction, i.e., k ∈ [0, 1[ and
Then F is a 1 1−k -MWP operator.
For other examples and for a study of the theory of multivalued weakly Picard operators see [14, 22] . The purpose of this paper is to present some existence and Ulam-Hyers stability results for fixed point and coincidence point inclusions. The approach is based on the weakly Picard operator technique in the setting of generalized metric spaces in the sense of Perov, i.e., spaces endowed with vector metrics d : X × X → R m + . Using the cartesian product technique for two multivalued operators, our result improve some recent theorems in the literature, see [3, 13, 16] . We will also show the advantages of the vector metric approach.
For Ulam-Hyers stability of some integral and differential equations see L.P. Castro-A. Ramos [5] , S.-M. Jung [8] and I.A. Rus [18, 19] , while for Ulam-Hyers stability of the fixed point problems in metric spaces see I.A. Rus [16] , M. Bota-A. Petruşel [3] and P.T. Petru-A. Petruşel-J.C. Yao [13] .
For the case of singlevalued operators see A. Buicȃ [4] and I.A. Rus [16, 20] . For fixed point theory in metric spaces see [2, 9, 10, 15] .
Coincidence problems with multivalued operators
Let (X, d) and (Y, ρ) be two metric spaces and S, T : X → P(Y) be two multivalued operators.
Definition 2.1. By definition, a solution of the coincidence problem for S and T is a pair (x * , y
Denote by CP(S, T) ⊂ X × Y the set of all solutions of the coincidence problem for S and T. Additionally suppose that T is onto and let
Denote by Fix(F) the fixed point set of F, i.e., Fix(
Lemma 2.2. Under the above conditions, we have that CP(S, T) = Fix(F).
Proof. We successively have the equivalences (x * , y
Let (X, d) and (Y, ρ) be two metric spaces and S, T : X → P(Y) be two multivalued operators. Let Let d Z be a traditional scalar metric on Z := X × Y. Let us consider the following multivalued coincidence problem: 
there exists a solution z
If there exists c 1 , c 2 > 0 such that ψ(t 1 , t 2 ) = c 1 t 1 +c 2 t 2 for each t 1 , t 2 ∈ R + , then the multivalued coincidence problem (1) is said to be Ulam-Hyers stable.
Let (X, d) and (Y, ρ) be two metric spaces and the following two metrics on X × Y: 
Then, for example for 1), we have
In a similar way, we can prove 2).
If T is k-Lipschitz with the constant k < 1, then T is said to be a multivalued k-contraction.
there exists x 2 ∈ X such that for every y 2 ∈ T(x 2 )] and respectively [for each x 2 ∈ X and y 2 ∈ T(x 2 ) there exists x 1 ∈ X such that for every
Our first existence and stability result is the following.
Theorem 2.7. Let (X, d) and (Y, ρ) be two complete metric spaces. Let T, S : X → P(Y) be two multivalued operators such that: (i) T : X → P(Y) is an onto strong k T -dilatation with constant k T > 1 and T
−1 (y) is closed for each y ∈ Y; (ii) S : X → P cl (Y) is a k S -contraction.
Then there exists at least one solution of the multivalued coincidence problem (1). If, in addition the multivalued operators S and T −1 have compact values and if
then the multivalued coincidence problem (1) is Ulam-Hyers stable.
Proof.
Let Z := X × Y. We prove that
is a contraction with respect to H d * . Indeed, we have:
Moreover, F has nonempty and closed values. Thus, we can apply Covitz-Nadler's fixed point theorem for F and we obtain that there exists z * ∈ Z such that z * ∈ F(z * ). Thus, by Lemma 2.2, the multivalued coincidence problem (1) has at least one solution. For the second conclusion, let ε 1 , ε 2 > 0 and w * := (u * , v * ) ∈ X×Y a solution of the approximative coincidence problem, i.e.,
By the first part of our proof, we get that z * := (x * , y * ) ∈ Z is a solution of the multivalued coincidence problem (1) . Moreover, by Remark 1.4 we get that F is a
Then, for every (
By (3) and the compactness of the values of S, there exists t * 2
is compact, using again (3) we get that there exists t * 1
). Then, by our additional hypothesis we get that
proving that the multivalued coincidence problem (1) Let us consider the above approach using now a Hausdorff-Pompeiu type vector metric. Notice that, through this paper, we will make an identification between row and column vectors in R m . Let us introduce now some vector-valued metrics of Perov's type. Let (X, d) and (Y, ρ) be two metric spaces. Let Z := X × Y and define on Z × Z the vector metric
In the same framework as above, let us consider a Hausdorff-Pompeiu type vector functional given by
) .
From the definition, it follows that H * is a vector metric on P cl (X) × P cl (Y). The following lemma follows immediately by the definition of H * and the properties of the HausdorffPompeiu functional. 
A classical result in matrix analysis is the following theorem (see, e.g., [1] ). Notice that we have the following result. Lemma 2.11. (see [12] ) Let A ∈ M m,m (R + ) be a matrix convergent to zero. Then, there exists Q > 1 such that for any q ∈ (1, Q) the matrix qA is convergent to 0.
We present now a vector version of Nadler's fixed point theorem. See also [23] for a similar result. 
Then: (i) Fix(F) ∅, i.e., there exists z
∈ F 1 (z * ) and z * 2 ∈ F 2 (z * ); (ii) for each (z, w) ∈ Graph(F) there exists a sequence (z n ) n∈N (with z 0 = z, z 1 = w and z n+1 ∈ F(z n ), for each n ∈ N * ) such that (z n ) n∈N is convergent to a fixed point z
Proof. Let z 0 := (x 0 , y 0 ) ∈ Z := X × Y and z 1 ∈ F (z 0 ). Let q ∈ (1, Q), where Q is defined by Lemma 2.11. Then, by Lemma 2.9, there exists z 2 ∈ F (z 1 ) such that
For z 2 ∈ F (z 1 ), there exists z 3 ∈ F (z 2 ) such that
Inductively, there exists z n+1 ∈ F (z n ) such that
We have
Notice that d V is a vector metric on Z. Thus, making n → ∞ and using Lemma 2.11, it follows that (z n ) n∈N is a Cauchy sequence in the complete generalized metric space (Z, d V ). It follows that there exists z
Letting n → ∞, we get that
Thus,
.
We will recall in the following part of this section some concepts of generalized Ulam-Hyers stablility for in a vector form for fixed point and for coincidence point problems. 
there exists a solution z * := (x * , y * ) of (6) such that
If there exists a matrix C ∈ M 22 (R + ) such that ψ(t) = Ct for each t ∈ R 2 + , then the multivalued coincidence problem (6) is said to be Ulam-Hyers v-stable. 
Then, the multivalued fixed point problem (6) is generalized Ulam-Hyers v-stable.
Proof. Let ε := (ε 1 , ε 2 ) (with ε 1 , ε 2 > 0) and let w * := (u * , v * ) ∈ X × Y := Z be an ε-solution of the multivalued fixed point problem (6), i.e.,
where
By Theorem 2.12 (see (i) and (ii)) and the above result, we immediately get the following corollary. 
Then, the multivalued fixed point problem (6) is Ulam-Hyers with a function ψ(t) = (I − A) −1 t.
We will focus now on the case of a multivalued coincidence problem. 
there exists a solution z * := (x * , y * ) of (1) such that
If there exists a matrix C ∈ M 22 (R + ) such that ψ(t) = Ct for each t ∈ R 2 + , then the multivalued coincidence problem (1) is said to be Ulam-Hyers v-stable.
We can prove now another existence and Ulam-Hyers stability result for the multivalued coincidence problem.
Theorem 2.17. Let (X, d) and (Y, ρ) be two complete metric spaces. Let T, S : X → P(Y) be two multivalued operators such that: (i) T : X → P(Y) is an onto strong k T -dilatation and T
−1 (y) is closed for each y ∈ Y; (ii) S : X → P cl (Y) is k S -Lipschitz; (iii) k S k T < 1.
Then there exists at least one solution of the multivalued coincidence problem (1). If, in addition the multivalued operators S, T −1 have compact values and
then the multivalued coincidence problem (1) is Ulam-Hyers v-stable.
Lipschitz with constant 1 k T , i.e.,
Let Z := X × Y be endowed with the vector metric
We prove that
is a multivalued A-contraction, with a matrix A := ( 0
. Indeed, we have:
Since A converges to zero, we can apply to F the multivalued version of Perov's fixed point theorem (see Theorem 2.12) and we obtain that there exists z * ∈ Z such that z * ∈ F(z * ). Thus, by Lemma 2.2, the multivalued coincidence problem (1) has at least one solution, i.e., if z * := (x * , y * ) then y * ∈ S(x * ) ∩ T(x * ). For the second conclusion, let ε 1 , ε 2 > 0 and let w * := (u * , v * ) ∈ Z be a solution of the approximative coincidence problem, i.e.,
By (9) and the compactness of the values of S, there exists t * 2 ∈ S(u * ) such that
. Thus, by the additional hypothesis, we get that
By the first part of our proof, we know there exists z * := (x * , y * ) ∈ Z a solution of the multivalued coincidence problem (1) . Then, from the second part of (ii) in Theorem 2.12 we get that
Thus, for t :
proving that the multivalued coincidence problem (1) is generalized Ulam-Hyers stable with a function
Remark 2.18. Notice that the assumptions on S and T in Theorem 2.17 are much more relaxed than those in Theorem 2.7, which shows the advantages of working with the vector metric technique.
A data dependence result for the Ulam-Hyers stability of the multivalued coincidence problem is the following theorem. 
and
Let us consider the sets: C iε := {x ∈ X|D ρ (T i (x), S i (x)) ≤ ε}, i ∈ {1, 2}. Proof. Taking into account (ii) we know that the multivalued coincidence point problem (11) is Ulam-Hyers stable, i.e., exists c 2 > 0 such that for each ε > 0 and each solution y * 2 ∈ X of the inequality D ρ (T 2 (y), S 2 (y)) ≤ ε
there exists a solution x * 2 ∈ X of (10) such that d(y * 2 , x * 2 ) ≤ c 2 ε.
We prove that the multivalued coincidence point problem (10) 
Using (16) and (17) we obtain that |v * | = v * ≤ 2ε 1 + ε 2 . In this case, we have |u * | + |v * | = u * + v * ≤ 3ε 1 + 2ε 2 := ψ 1 (ε 1 , ε 2 ).
2) If v * < 0 taking into account of (16) and (17), we obtain |v * | = −v * ≤ 2ε 1 + ε 2 3 . In this case, we have |u * | + |v * | = u * − v * ≤ 2ε 1 + 4ε 2 6 := ψ 2 (ε 1 , ε 2 ).
If we denote ψ(ε 1 , ε 2 ) := max{ψ 1 (ε 1 , ε 2 ), ψ 2 (ε 1 , ε 2 )}, we have |u * | + |v * | ≤ ψ(ε 1 , ε 2 ), (where ψ satisfies the conditions of Definition 2.3). Hence the multivalued coincidence problem (15) is Ulam-Hyers stable.
Let us consider the sets:
C 1ε := {x ∈ [0, 1]|D(T 1 (x), S 1 (x)) ≤ ε} ∪ {x ∈ (1, +∞)|D(T 1 (x), S 1 (x)) ≤ ε}, C 2ε := {x ∈ R + |D(T 2 (x), S 2 (x)) ≤ ε}.
It is easy to see that C 1ε ⊆ C 2ε . Thus all the assumptions of Theorem 2.19 hold. Then, by Theorem 2.19 the coincidence problem (14) is Ulam-Hyers stable.
